Abstract. The range of applicability of Hamiltonian methods to gauge theories is very diverse and cover areas of research from phenomenology to mathematical physics. We review some of the areas developed in México in the last decades. They cover the study of symplectic methods, BRST-BFV and BV approaches, Klauder projector program, and non perturbative technics used in the study of bound states in relativistic field theories.
QUANTIZATION OF GAUGE SYSTEMS, DIRAC METHOD, BRST-BFV AND BV
The theories that describe the fundamental interactions -electromagnetic, electroweak, strong and gravitational-are gauge theories. Recently another gauge theory, string theory, has attracted a lot of attention because it could be used to construct a consistent theory of quantum gravity 1 It is important to mention here that classical general relativity as a field theory can be quantized using the methods that we will describe here. This approach has been pursued by Ashtekar and collaborators in the last two decades. It is know as Loop Quantum Gravity. A basic property of such theories is that they have constraints among the fields and its conjugated momenta in phase space or among fields and its "velocities" in configuration space. This imply, in particular, that the physical degrees of freedom are not the same as the ones used to construct the theory from first principles. This type of theories are based on variational principles and symmetries that are cornerstones in the theoretical construction of any physical acceptable interacting theory. They have peculiar symmetries called gauge symmetries that are deeply connected with the fact that these theories have constraints. The interactions are constructed following the principle of gauge invariance. The systematic research of these type of theories was initiated by Dirac [1] whose aim was to construct a general procedure to quantize the general theory of relativity. From this seminal work a wide trend of research was opened: the study of the classical constrained dynamics, its consistency conditions and quantization.
Nowadays we have at our disposal some methods to analyze the dynamical consistency, the symmetries, physical content and quantization of a given constrained field theory. They are the Dirac method and its extensions (see below), loop quantization, geometric quantization, Klauder projector program and symplectic covariant quantization.
Gauge theories can not be quantized using the standard canonical quantization in the operator or path integral approaches. One of the reasons is that not all the degrees of freedom of the theory are physical. Some of them must be eliminated because they are not gauge invariant observables, i.e., they transform under the gauge transformations. At the end when theory is compared with experimental results these degrees of freedom must be eliminated using a covariant or noncovariant method. The power of covariant methods is that the gauge symmetry (and some other global symmetries like Poincaré symmetry) can be used to prove the renormalizability and unitarity of the given theory.
With the aim to try to understand in better grounds the structure and physical content of a gauge theory we can analyze the intrinsic properties (independently from the constraint algebra) of the gauge theory and the gauge fixing method. This perspective helps also in the understanding of anomalies, renormalizability, consistent interactions, structure of the path integral measure, among others. A systematic Hamiltonian approach based on the BRST symmetry [2] developed by E. S. Fradkin and his collaborators [3] , the BFV (Batalin, Fradkin, Vilkoviskii) method take full advantage of this perspective. Some of the properties of this powerful approach based on the Dirac method are As the Dirac method, the BFV approach can be very difficult to implement in systems with general covariance or in systems where the first and second class constraints can not be separated in a covariant way. This last point is crucial in the Green-Schwarz approach to the superstring.
An alternative Lagrangian approach know as BV (Batalin, Vilkoviskii) [4] , is covariant and implement the dynamics on cohomology through the Kozul-Tate resolution. This deep property allow this method to be used for the study of anomalies, consistent deformations of a given theory, and renormalizability using covariant technics.
In this context a wide range of applications and intrinsic studies of these methods was developed in the last decades. On one hand, the study of the classical and quantum properties of constrained systems, and intrinsic properties of the Dirac method [5, 6, 7, 8, 9, 10] . On the other, applications of Dirac method to Ashtekar formulation of general relativity [11, 12, 13] and relational dynamics [15] . The BFV method has been extended to systems with time dependent constraints [16] , and its formulation in terms of the Schwinger quantum principle was studied in [17] . An application of the BV approach to the study of the general form of the strict gauge invariant observables of exotic gauge theories (theories with field tensors with mixed type symmetry) is [18] . This type of theories are relevant in recent studies about duality. In particular, they are dual to the Fierz-Pauli Lagrangian. From this perspective, the structure and coupling of this theories and the corresponding Dirac analysis of them in 4D was studied in [19] .
KLAUDER PROYECTOR METHOD
As an alternative approach to Hamiltonian Quantization, the physical Projector Operator Approach initiated and implemented by Klauder using coherent state techniques [20] , has been applied to some simple gauge invariant quantum mechanical models. In this approach gauge fixing is not necessary and thus, it could avoid [21] potential Gribov ambiguities [22] which arise in the quantization of gauge invariant systems. As is well known, some gauges may suffer Gribov ambiguities. In fact it is only for an admissible gauge fixing that we can define the correct dynamical description of the system in reduced space. This admissible gauges must be well defined globally and this property is crucial in the description of non perturbative phenomena. The aim of the Projector Operator Approach is to construct a systematic method to project the dynamics in the space defined by the solutions to a given field theory. In this way the gauge fixing procedure is avoided.
These aspects of gauge invariant systems were explicitly analyzed within a solvable U(1) gauge invariant quantum mechanical model [23] related to the dimensional reduction of Yang-Mills theory. In this model, even at the classical level, one can parameterize the space of gauge orbits in terms of a classical parameter called the Teichmüller parameter [24] . It is through this parameter that all the gauge orbits are included in the quantization of the system, in agreement with the Friedberg et al. [23] point of view that all such gauge copies should be included in a correct quantization of gauge systems. These points were discussed and analyzed in Refs. [25, 26] .
During the process of quantization of physical systems through Hamiltonian procedures, it was necessary to investigate the general construction of self-adjoint configuration space representations of the Heisenberg algebra over arbitrary manifolds not necessarily cartesian or parameterized with cartesian coordinates. All such inequivalent representations are parameterized in terms of the topology classes of flat U(1) bundles over the configuration space manifold. In the case of Riemannian manifolds, these representations are also manifestly diffeomorphic covariant. The general discussion, illustrated by some simple examples in non relativistic quantum mechanics, is of particular relevance to systems whose configuration space is parameterized by curvilinear coordinates or is not simply connected, which thus include for instance the modular spaces of theories of non abelian gauge fields and gravity. This was the main motivation of Ref. [27] .
Finally, in order to study Hamiltonian gauge invariance, a Hamiltonian version of the Noether theorem for constrained systems is formulated in [28] . In particular, a novel method is presented to show that the gauge transformations are generated by the conserved quantities associated with the first class constraints. These results are applied to the relativistic point particle, to the Friedberg et al. model and, with special emphasis, to two time physics.
SYMPLECTIC GEOMETRY IN GAUGE THEORY
The symplectic geometry constitutes a modern Hamiltonian scheme in the study of symmetries and quantization of gauge theories from a geometrical point of view. The basic idea of this scheme is the construction of a Hamiltonian structure on the phase space of the theory which contains all physically relevant information, and does not require the choice of phase space coordinates p's and q's as in the traditional approach. Geometrically the Hamiltonian structure plays the role of a field strength, obtained by (exterior) derivative from a symplectic potential, which can be considered as a gauge field on the phase space.
The symplectic scheme was originally introduced by Witten et al. with applications to Yang-Mills theory, General Relativity, and string field theory [29] . The applications to string/brane theory have been given recently revealing a rich underlying geometrical structure of the theory [30] . Additionally we have undertaken the study of topological gauge theories, which are relevant in the context of formulating background-independent theories, and in the construction of topological invariants of four-manifolds. Specifically the symplectic scheme reveals that the topological action related with the Euler characteristic of the world-sheet in string theory mimics the geometrical structure of a twodimensional gauge theory [31] . Moreover, the corresponding lower bound state for that topological string action is given by a loop state, described by a Wilson loop along the spatial configuration of the string [32] .
On the other hand, the symplectic scheme allows us to prove that some properties of instantons in Yang-Mills theory traditionally associated with their self-duality, actually come from their topological nature. Specifically the only solution for the Schrödinger equation for quantum Yang-Mills theory known as the Chern-Simons wave functional and associated with instantons, exists actually for the (four-dimensional) topological Yang-Mills theory, reducing the self-dual property to a spurious condition [33] . This result can be generalized for topological actions and Chern-Simons functionals in spaces of even dimension.
Classically all topological action associated with curvatures coming from a gauge connection can be expressed as the (exterior) derivative of a Chern-Simons form; the quantum Hamiltonian of the topological action has as its lower state a functional of the corresponding Chern-Simons form [34] , in such a way that the results previously described for topological Yang-Mills theory (and consequently for the absolute minimum of conventional Yang-Mills theory) corresponds only to a particular case. Furthermore, starting from the topological Yang-Mills theory, it can be proved that a moduli space of finite dimension can be obtained without invoking self-duality, leading to the idea of fluctons [35] .
HAMILTONIAN NON PERTURBATIVE METHODS IN GAUGE THEORIES
A given Hamiltonian H is split into a "free" (solvable) part H 0 and an "interacting" part H 1 , H = H 0 + H 1 . Then a generalization of the Gell-Mann-Low Theorem [36] provides a similarity transform U BW from any H 0 -invariant subspace Ω 0 of the Hilbert space to an exactly H-invariant subspace Ω. Consequently, the diagonalization of H in Ω is equivalent to the diagonalization of an "effective" Hamiltonian H BW in Ω 0 . The map U BW , and hence the Hamiltonian H BW , are given in terms of a perturbative series. However, the results of the application of the generalized Gell-Mann-Low theorem will typically be nonperturbative. This framework has so far been applied to the bound state problem in quantum field theory, by taking Ω 0 as the subspace of Fock space consisting of all H 0 -(and momentum-) eigenstates of the would-be constituents as free particles. The effective Hamiltonian then consists of the relativistic kinetic energies of the constituents and an effective potential for their interaction generated as a perturbative series. The solution of the corresponding Schrödinger equation yields (to any finite order of the perturbative series an approximation to) the bound state energies of the full theory and the wave functions of the constituents (for N-particle bound states, the N-particle components of the full states in Fock space).
Applications to two-particle bound states in the Wick-Cutkosky model, Yukawa theory and Coulomb gauge QED, including a determination of the lowest-order fine and hyperfine structures in these theories, can be found in Ref. [37] . The most important results, particularly in comparison with the Bethe-Salpeter approach, are
• UV divergencies (as far as they have appeared in the lowest-order calculations) can be absorbed in a renormalization of the parameters. The renormalization procedure can be set up entirely in the Hamiltonian framework.
• The nonrelativistic and one-body limits are particularly transparent and lead to the correct results.
• Even in Yukawa theory, the effective Schrödinger equation is a well-defined eigenvalue equation.
• No abnormal solutions have been found. All solutions are consistent with physical expectations (symmetry properties).
